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Abstract. The main object of this paper is to investigate A-statistically quasi- 
Cauchy sequences. A real valued function / defined on a subset E of R., the set 
of real numbers, is called A-statistically ward continuous on E if it preserves A- 
statistically quasi-Cauchy sequences of points in E. It turns out that uniform 
continuity coincides with A-statistically ward continuity on A-statistically ward 
compact subsets. 



1. Introduction 

A function / : R — > R is continuous if and only if it preserves Cauchy sequences. 
Using the idea of continuity of a real function in terms of sequences, many kinds of 
continuities were introduced and investigated, not all but some of them we recall in 
the following: slowly oscillating continuity ([1]), quasi-slowly oscillating continuity 
([2]), ward continuity ([3]), S- ward continuity ([4]), statistical ward continuity, ([5]), 
and Ng-ward continuity ([6]) which enabled some authors to obtain some charac- 
terizations of uniform continuity in terms of sequences in the sense that a function 
preserves either quasi-Cauchy sequences or slowly oscillating sequences ([7], and 
[8]). In [9], the concept of statistical convergence was generalized to A-statistically 
convergence. 
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In this paper, we investigate the concept of A-statistically ward continuity, and 
examine its properties. 



Boldface letters a, x, y, z, ... will be used for sequences a = (a n ), x = (x n ), 
y = (y n ), z = (z n ), ... of points in R for the sake of abbreviation, s and c will 
denote the set of all sequences, and the set of convergent sequences of points in R. 

A sequence (a n ) of points in R is quasi-Cauchy if (Aa„) is a null sequence, 
where Aa n = a n +i — 0L n . These sequences were named as quasi-Cauchy by Burton 
and Coleman [8, page 328], while they were called as forward convergent to 
sequences in [3, page 226]. Quasi-Cauchy sequences arise in diverse situations, 
and it is often difficult to determine whether or not they converge, and if so, to 
which limit. It is easy to construct a zero-one sequence such that the quasi-Cauchy 
average sequence does not converge. The usual constructions have a somewhat 
artificial feeling. Nevertheless, there are sequences which seem natural, have the 
quasi-Cauchy property, and do not converge. On the other hand, the sequence of 
averages of s and 1 s is always a quasi-Cauchy sequence: let x := (x n ) be a 
sequence such that for each nonnegative integer n, x n is either or 1. For each 
positive integer n set a n = x i+ x 2+---+ x <i Then a n is the arithmetic mean average 
of the sequence up to time or position n. Clearly for each n, < a n < 1, and 
|a n +i — a n \ < — . Thus (a„) is a quasi-Cauchy sequence. 

The concept of statistical convergence is a generalization of the usual notion of 
convergence that, for real- valued sequences, parallels the usual theory of conver- 
gence (see [10]). 

Let A = (A n ) be a non-decreasing sequence of positive numbers tending to oo 
such that A„_|_i < A„ + 1, Xi = 1. The generalized de la Valee-Pousin mean of a 
sequence a = (a^) is defined by 



where /„ = [n — A„ + 1, n]. A sequence a — (a>k) is said to be (V, A)-summable to 
a number L if 



2. Preliminaries 





A-STATISTICALLY QUASI-CAUCHY SEQUENCES 



3 



a sequence a = (ak) is said to be [V, A]-summable to a number L or strongly 
(V, A)-summable to a number L (see [11]) if 



and a sequence a = (a k ) of points in R is called to be A-statistically convergent to 
an element L of R if 



for every positive real number e ([9]). This is denoted by S\ — limctk — ceo- If 
we write A n = n for all n G N, then we get statistical convergence. Throughout 
this paper, S, S\ will denote the set of statistically convergent and A-statistically 
convergent sequences of points in R, respectively. 



Connor and Grosse-Erdman ([12]) gave sequential definitions of continuity for 
real functions calling G-continuity instead of ^4-continuity and their results covers 
the earlier works related to ^4-continuity where a method of sequential convergence, 
or briefly a method, is a linear function G defined on a linear subspace of s, denoted 
by cq, into R. A sequence x = (x n ) is said to be G-convergent to L if x e cq and 
G(x) = L. A method G is called regular if every convergent sequence x = (x n ) is 
G-convergent with G(x) = limx. A method G is called subsequential if whenever 
x is G-convergent with G(x) = L, then there is a subsequence (x nk ) of x with 
limfc x Uk = L. In particular, lim denotes the limit function limx = lim„x n on the 
linear space c, st — lim denotes the statistical limit function st — lim x = st — lim„ x n 
on the linear space S, Se — lim denotes the lacunary statistical limit function S$ — 
lim x = Se — lim„ x n on the linear space S$, V\ — lim denotes the V\-statistical limit 
function V\ — lim x = V\ — lim„ x n on the linear space V\ , [V, A] — lim denotes the 
[V, A]-limit function (or strongly (V, A)-limit function) [V, A]— limx = [V, A]— lim n x n 
on the linear space [V, A] , and S\ — lim denotes the ^-statistical limit function 
S\ — lim x = S\ — lim„ x n on the linear space S\ . All sequential methods exempt 
lacunary statistical method mentioned a few lines above are all regular without any 
restriction, however lacunary statistical method is regular under the assumption 




lim \{kel n : \a k -L\ > e}\ = 
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that limin/r q r > 1 where a real sequence (xk) is called lacunary statistically 
convergent to an element L of R if 

lim ^-\{k e I r ■ \xk -L\> e}\ = 0, 

r— s-oo n r 

for every e > 0, I r = (fe r _i, fc r ] and fco = 0, h r : k r — fc r - 1 — > oo as r — ► oo and 
= (fc r ) is an increasing sequence of positive integers. In the sequel, we will always 
assume that limm/ r q r > 1. 5a -statistical sequential method is subsequential 
as Statistical sequential method and lacunary statistical sequential method are 
subsequential, so is 5A-statistical sequential method. 

A subset E of R is called G-sequentially compact if any sequence x of points 
in E has a G-sequentially convergent subsequence z = (x nk ) such that G(z) 6 
E. A subset E of R is A-statistically sequentially compact if any sequence x of 
points in E has a A-statistically convergent subsequence whose A-statistical limit 
is in E. We see that this is a special case of G-sequential compactness where 
G = 5a — lim. A-statistically sequentially compactness of a subset E of R coincides 
not only with ordinary (sequential) compactness, but also statistically sequentially 
compactness, and lacunary statistically sequentially compactness. A function / is 
called G-continuous at a point u provided that whenever a sequence x = (x n ) of 
terms in the domain of / is G-convergent to u, then the sequence /(x) = (f(x n )) 
is G-convergent to f(u). Writing G = 5a, we get 5A-sequential continuity or A- 
statistically sequential continuity, explicitly we say that a real valued function / 
defined on a subset E of R is called A-statistically sequentially continuous at a 
point a if it preserves A-statistically convergent sequences, i.e. (/(a*,)) is a A- 
statistically convergent to /(«o) whenever (a^) is A-statistically convergent to a . 
A-statistically sequentially continuity of a real valued function defined on a subset 
of R coincides with not only ordinary (sequential) continuity, but also each one 
of the continuities, statistically sequentially continuity, and lacunary statistically 
sequentially continuity. 

A sequence (otk) of points in R is called to be A-statistically quasi-Cauchy if 
5a — limAotk — 0. Now we give the following interesting examples which show 
emphasis the interest in different research areas. 

Example 1. ([13]) Let n be a positive integer. In a group of n people, each 
person selects at random and simultaneously another person of the group. All of the 
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selected persons arc: then removed from the group, leaving a random number m < n 
of people which form a new group. The new group then repeats independently the 
selection and removal thus described, leaving n 2 < n\ persons, and so forth until 
either one person remains, or no persons remain. Denote by p n the probability 
that, at the end of this iteration initiated with a group of n persons, one person 
remains. Then the sequence p = (pi,p 2 , ,p n , •••) is a A-statistically quasi-Cauchy 
sequence, and limp n does not exist. 

Example 2. ([14]) Let n be a positive integer. In a group of n people, each 
person selects independently and at random one of three subgroups to which to 
belong, resulting in three groups with random numbers m, n 2 , n 3 of members; 
n\ + n 2 + n 3 = n. Each of the subgroups is then partitioned independently in 
the same manner to form three sub subgroups, and so forth. Subgroups having no 
members or having only one member are removed from the process. Denote by t n 
the expected value of the number of iterations up to complete removal, starting 
initially with a group of n people. Then the sequence (t\, ^, y , -fc, ...) is a 
bounded nonconvergent A-statistically quasi-Cauchy sequence. 

Now we state the definition of A-statistically ward continuity in the following. 

Definition 1. A real valued function / defined on a subset E of R is called A- 
statistically ward continuous on E if it preserves A-statistically quasi-Cauchy se- 
quences of points in E, i.e. (/(ctfe)) is a A-statistically quasi-Cauchy sequence 
whenever (at) is a A-statistically quasi-Cauchy sequences of points in E. 

We note that this definition of continuity cannot be obtained by any A-continuity, 
i.e., by any summability matrix A, even by the summability matrix A = (a n k) 
defined by 

a nk = -!- for k = n + 1, and a nk = for k = n. 

However, for this special summability matrix A, if ^4-continuity of / at the point 
implies A-statistically ward continuity of /, then /(0) = 0; and if A-statistically 
ward continuity of / implies A-continuity of / at the point 0, then /(0) = 0. 

Sum of two A-statistically ward continuous functions is A-statistically ward con- 
tinuous, but product of A-statistically ward continuous functions need not be A- 
statistically ward continuous. 
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We give the following theorem the proof of which also can be obtained by con- 
sidering [15, Theorem 9]. 

Theorem 1. If a real valued function is X- statistically ward continuous on a subset 
E of R, then it is X- statistically sequentially continuous on E. 

Proof. Suppose that / is a A-statistically ward continuous function on a subset E 
of R. Let (x n ) be a A-statistically quasi-Cauchy sequence of points in E. Then the 
sequence 

(xi,X ,X2,Xo,X3,X , ...,X n -l,XQ,X n ,Xo, ■■■) 

is a A-statistically quasi-Cauchy sequence. Since / is A-statistically ward continu- 
ous, the sequence 

{Vn) = (f(xi), f(x ), f(x 2 ), f(x ), f(x n ),f(x ), ...) 

is a A-statistically quasi-Cauchy sequence. Therefore S\ — lim,^,^ Ay n = 0. Hence 
S\ — lim„^ oc [/(x„) — f(x )] = 0. It follows that the sequence (f(x n )) is A- 
statistically summable to f(x n ). This completes the proof of the theorem. □ 

Corollary 1. If a real valued function is X- statistically ward continuous on a subset 
E of R, then it is continuous on E. 

Proof. The proof follows immediately from the preceding theorem so is omitted. □ 
Now we prove the following theorem. 

Theorem 2. If a real valued function f is uniformly continuous on a subset E of 
R, then (f(x n j) is X- statistically quasi-Cauchy whenever (x n ) is a quasi-Cauchy 
sequence of points in E. 

Proof. Let / be uniformly continuous on E. Take any quasi-Cauchy sequence (x n ) 
of points in E. Let e be any positive real number. Since / is uniformly continuous, 
there exists a S > such that \ f(x) — f(y)\ < e whenever \x — y\ < S. As (x n ) is a 
quasi-Cauchy sequence, for this 6 there exists an n e N such that \x n+ \ —x n \ < S 
for n > n . Therefore \f(x n+ i) — f(x n )\ < e for n > n , so the number of indices 
k for which \f{x n+ i) — f(x n )\ > e is less than no- Hence 

linv-Hx, ±\{k £ I r : \f{x n+l ) - f{x n )\ > e}\ < lim^^ ^ = 0. 
This completes the proof of the theorem. □ 
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On the other hand, any continuous function on a compact subset E of R is 
uniformly continuous on E. It is also true for a regular subsequential method 
G that any A-statistically ward continuous function on a G-sequentially compact 
subset E of R is also uniformly continuous on E (see [16]). Furthermore, for A- 
statistically ward continuous functions defined on a A-statistically ward compact 
subset of R, we have the following. 

Theorem 3. Any A- statistically ward continuous real valued function on a X- 
statistically ward compact subset of R is uniformly continuous. 

Proof. Let E be a A-statistically ward compact subset E of R and let / : E — > R 
be a A-statistically ward continuous function on E. Suppose that / is not uniformly 
continuous on E so that there exists an e > such that for any S > 0, there are 
x, y G E with \x — y\ < S but \f(x) — f(y)\ > £o- Fot each positive integer n, there 
exist a n and (3 n such that \a n — f3 n \ < j-, and \f(a n ) — f{(3 n )\ > £o- Since E is A- 
statistically ward compact, there exists a A-statistically quasi-Cauchy subsequence 
(a nk ) of the sequence (a n ). It is clear that the corresponding subsequence ((3 nk ) 
of the sequence (/?„) is also A-statistically quasi-Cauchy, since ([3 nk+1 — fin k ) is 
A-statistically convergent to which follows from the following lines: for each e, 

{k e I r ■ \Pn k+1 -Pn k \ > e} C {k £ I r : \P nk+1 ~ a„ fc+1 1 > |} U {k e I r : \a nk+1 - a nk , 

U{kel r : \a nk -p n „ \ > |}. 
It follows from this inclusion that 

\{kel r : \(3 nk+1 -(3 nk \ >e}\ < \{k e I r : \[3 nk+1 - a nk+1 \ > f}| 
+ \{kel r : \a nk+1 -a nk \> |}|+ \{k G I r : \a nk - f3 nk \ > f}|. 
Hence 

lim^oo ±\{k G I r : |/3„ fe+1 -/3 nk \ > e}\ < lim^oo ±\{k G I r : \/3 nk+1 - a nk+1 \ > f 
limj.^00 -±-\{k G I r ■ \a nk+1 -a nk \ > IH+limr^oo -!_|{fc G I r : \a nk -[3 nk \ > |}| = 
On the other hand, it follows from the equality 

a ifc+l — 0n k — a n k + 1 — a n k + a n k ~ Pn k 

that the sequence (a nk+1 — (3 nk ) is A-statistically convergent to 0. Hence the se- 
quence 
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is A-statistically quasi-Cauchy. But the transformed sequence 



(f(a ni ),f(P ni ),f(a n2 ),f(P n2 ),f(a n3 ),f(0 n3 ),...,f(a nk ),f(^ nk ),...) 

is not A-statistically quasi-Cauchy. Thus / does not preserve A-statistically quasi- 
Cauchy sequences. This contradiction completes the proof of the theorem. □ 

Corollary 2. If a real valued function is X- statistically ward continuous on a 
bounded subset E of R, then it is uniformly continuous on E. 

Proof. The proof follows from the fact that any bounded subset of R is A-statistically 
ward compact. □ 

Corollary 3. If a real valued function is X- statistically ward continuous on an 
Ng-ward compact subset E of R, then it is uniformly continuous on E. 

Proof. The proof follows from 3 and [6, Theorem 3.3]. □ 

We give below that any real A statistically-ward continuous function defined on 
an interval is uniformly continuous. First we give the following lemma. 

Lemma 1. If (£ n ,Vn) is a sequence of ordered pairs of points in an interval such 
that linin^oo |£„ — f] n \ = 0, then there exists a X- statistically quasi-Cauchy sequence 
(a n ) with the property that for any positive integer i there exists a positive integer 
j such that (£i,r]i) = (aj_i,aj). 

Theorem 4. If a real valued function defined on an interval E is X- statistically 
ward continuous, then it is uniformly continuous. 

Proof. Suppose that / is not uniformly continuous on E. Then there is an e > 
such that for any 6 > there exist x,y e E with \x — y\ < S but \ f(x) — f(y)\ > Eq. 
For every n e N fix £„, n n G E with |£„ - r?„| < £ and |/(£ n ) - f(rj n )\ > e a . By 
Lemma 1, there exists a A- statistically quasi-Cauchy sequence (o^) such that for 
any integer i > 1 there exists a j with & = aj and m = Qj+i- This implies that 
/(aj+i) — f{<Xj)\ > £o; hence (/(ctj)) is not A-statistically quasi-Cauchy. Thus / 
does not preserve A-statistically quasi-Cauchy sequences. This completes the proof 
of the theorem. □ 
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Since the sequence constructed in Lemma 1 is also quasi-Cauchy, we see that the 
statement (f(x n )) is A statistically quasi-Cauchy whenever (x n ) is quasi-Cauchy 
sequence of points in E implies the uniform continuity of / on E. Now combining 
Theorem 2 with this observation we have the following result. 

Corollary 4. Let f be a real valued function defined on an interval E. Then f 
is uniformly continuous on E if and only if (f(x n )) is X- statistically quasi-Cauchy 
whenever (x n ) is quasi-Cauchy sequence of points in E. 

Corollary 5. Let f be a real valued function defined on an interval E. Then the 
following statements are equivalent: 

(a) if (f(x n j) is A- statistically quasi-Cauchy whenever (x n ) is quasi-Cauchy se- 
quence of points in E. 

(b) if (f(x n )) is Ng quasi-Cauchy whenever (x n ) is quasi-Cauchy sequence of points 
in E. 

Proof. The proof follows from Theorem 4, and [17, Theorem 1 and Theorem 2] so 
is omitted. □ 

Corollary 6. If a real valued function defined on an interval is A- statistically ward 
continuous, then it is ward continuous. 

Proof. The proof follows from Theorem 4, so it is omitted. □ 

Corollary 7. If a real valued function defined on an interval is A- statistically ward 
continuous, then it is slowly oscillating continuous. 

Proof. The proof follows from Theorem 4, so it is omitted. □ 

4. Conclusion 

In this paper, the concept of A-statistically ward continuity of a real function is in- 
vestigated. In this investigation we have obtained theorems related to A-statistically 
ward continuity, A^-ward continuity, statistically ward continuity, forward conti- 
nuity, uniform continuity, A-statistically ward compactness, TV^-ward compactness, 
statistically ward compactness, and compactness. For a further study, we sug- 
gest to investigate A-statistically quasi-Cauchy sequences of fuzzy points, and A- 
statistically ward continuity for the fuzzy functions (see [18] for the definitions and 
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related concepts in fuzzy setting). However due to the change in settings, the defi- 
nitions and methods of proofs will not always be analogous to those of the present 
work. For another further study we suggest to investigate A-statistically quasi- 
Cauchy sequences of double sequences, and A-statistically ward double continuity 
to find out whether A-statistically ward double continuity coincides with A- sta- 
tistically ward (single) continuity or not (see [19], and [20] for the definitions and 
related concepts in the double case). 
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